We consider the solution space of the noncommutative KP hierarchy with the noncommutative extension of the Sato theory. The noncommutative deformation of the Toda hierarchy is introduced. We derive the bilinear identities for the BakerAkhiezer functions and calculate the N -soliton solutions of the noncommutative Toda hierarchy.
Noncommutative KP and Toda hierarchy
Recently, the classical and quantum field theory over the noncommutative (NC) space times is extensively studied. The NC gauge theory has a great success in the string theory. In particular, the NC deformation of the ADHM construction of the (anti)SDYM equation [9] and the Nahm construction [1] were shown. It seems to imply the significance of the NC deformation of the integrable systems. Some authors have discussed the NC integrable systems on lower dimension [2, 3, 6, 13, 17] (See also [5, 15, 16] ), especially the NC KP hierarchy. In this letter, we study the moduli space of the NC KP hierarchy throughout the Birkhoff decomposition of a certain formal group over a NC algebra. We also introduce the NC Toda hierarchy and derive the bilinear identities and the N -soliton solutions.
Let (t 1 ,t 2 , · · · ) be coordinates of NC plane R 2∞ which satisfy [t i ,t j ] = iθ ij , and A θ a set of functions on it. The deformation parameters θ ij ∈ R are non-zero constants and we assume that a matrix (θ ij ) is invertible. By an orthogonal change of coordinates as [t 2n−1 ,t 2n ] = iθ n (n ≥ 1), the algebra is realized as operators over the Fock space
The NC KP hierarchy of the operator form is defined as follows [2, 3, 17] . We consider an operator valued monic pseudo differential operator (PDO)
where 1 F is a identity of A θ . The coefficients ofŴ are operatorŝ
where w (l,m) n are C valued functions of x. The Sato-Wilson equations of the NC KP hierarchy are given by
. For a PDO P , (P ) + denotes a part of a differential operator of P and (P ) − does P − (P ) + .
Here we introduce the NC Toda hierarchy. We add coordinates (ŝ 1 ,ŝ 2 , · · · ) which satisfy [ŝ i ,ŝ j ] = iθ ij , [ŝ i ,t j ] = 0 and A θ,θ denotes a set of functions on it. This algebra is realized over a tensor product of two Fock spaces F ⊗ F. LetŴ (+) (resp.Ŵ (−) ) be a upper (resp. lower) triangular Z × Z matrix whose components are valued in A θ,θ . All diagonal component of the matrix W (−) is an identity 1 F⊗F of A θ,θ . We define the Sato-Wilson equations of the NC Toda hierarchy as
for n ≥ 1 where (n, m) component of Λ is δ n+1,m 1 F⊗F and
. For a matrix P , (P ) + denotes upper triangular part of P and (P ) − does P − (P ) + . Note that these equations give the Lax equations and the Zakharov-Shabat (ZS) equations as usual [14] . If we defineb n ,ĉ n ∈ A θ,θ as B := (Ŵ (−) ΛŴ (−)−1 ) + = Λ + n∈Zb n E nn and
In commutative case we can introduce functions φ n such that b n = − ∂ ∂t 1 φ n and c n = e φ n−1 −φn . However, in the NC case we cannot define such functions.
A solution space of the NC KP hierarchy
First we consider the NC KP hierarchy. As in the commutative case, the Sato-Wilson equations (3) are equivalent to the Birkhoff decomposition of a certain formal group G. The integrable hierarchy throughout the factorization problems G = G − G + of a group G over a NC algebra R was studied in Ref. [8, 15] , for example. (See also [7] .) In our case G, G ± correspond to the formal groups exp G, exp G ± in Ref. [15] over the NC plane R 2∞ instead of R 2 . (See Remark 1.)
LetŴ 0 ∈ G − be a "initial value" ofŴ which is a monic PDO and satisfies
whereξ = n≥1t n ∂ n gives the Sato-Wilson equations (3) as in the commutative case [7, 8, 14] . Conversely, we assume thatŴ satisfies the Sato-Wilson equations, the factorization
1 This notation is different from
nmtm which is often used in the NC gauge theory.
gives equations
for n ≥ 1. Taking a part of (·) − of the both sides, we obtain
gives the factorization of eξM (−)−1 by the uniqueness of the Birkhoff decomposition, we obtain equation (6) .
In the noncommutative case, {t n } are operators and the fact ∂ ∂tnŴ 0 = 0 has a quite different meaning from that of commutative case. Since the derivative oft n is defined as
, it means thatŴ 0 commutes with allt n for n ≥ 1. Such a operator must be proportional to the identity of A θ andŴ 0 must have a form 2
ThereforeŴ 0 defines a point of the solution space of the commutative KP hierarchy (Sato Grassmanian and so on). Since the operatorŴ correspondsŴ 0 uniquely through the action of operator eξ we conclude that, in this sense, the solution space of NC KP hierarchy is the same with the commutative one. This fact is valid for the multicomponent case and their reductions. In general, for the NC hierarchy obtained by the Birkhoff decomposition, such as the NC Toda hierarchy, the solution space is same with the space of the initial values.
Remark 1 In Ref. [8] , they studied the group G =Ê × which is a set of PDOs P whose coefficients are valued in R[[t]] with time parameters t = {t 1 , t 2 , · · · } under the conditions P | t=0 . In the case of NC KP hierarchy, {t n } are elements of R = A θ and we cannot adopt their results to our case directly. Owing to the Neumann series (See the proof of Theorem 3.2 [8] ), we obtain the Birkhoff decomposition of G as formal series
The problem is whether components are well-defined under the re-arrangement of generators {t n }. However putting val t (θ ij ) := i + j by the relations [t i ,t j ] = iθ ij , we find that components are well-defined as a formal power series of
from Theorem 3.2 [8] . Note that we need the assumption that the LHS of (7) is a element ofÊ × [8] with replacing operatorst n to time variables t n for its factorization.
Remark 2 In the limit θ ij −→ 0, the NC KP hierarchy is reduced to the commutative one andŵ n to w n (t, x) = lim
where f (l,m) are functions obtained by the Wigner-Weyl transformation (See for example Ref. [4] ) of |l 1 l 2 · · · m 1 m 2 · · · |. The point of the moduli space which w n are defined is same with that ofŵ n .
2 The coefficient functions w (0) n possibly depend on θij. However they only shift the initial value and are not intrinsic to the NC KP hierarchy.
Remark 3 In Ref. [2] , they derive the differential equations of the deformation parameters θ ij and remark that those equations allow us to construct the solutions of the NC KP hierarchy as formal Taylor series of θ ij from the solutions of the commutative KP hierarchy.
Noncommutative Toda hierarchy
In this section, we derive the bilinear identities of the NC Toda hierarchy and the N -soliton solutions.
Bilinear identities
Letŵ ±n (s),ŵ * ±n (s) ∈ A θ,θ be operators 3 which are coefficients ofŴ (±) andŴ (±)−1
where diag(ŵ +n (s)) = diag(· · · ,ŵ +n (−1),ŵ +n (0), · · · ) and so on. We introduce the operator valued Baker-Akhiezer (BA) functionŵ
whereξ − := e n≥1t nλ n andξ + := e n≥1ŝ nλ −n . Owing to the same arguments with the commutative case [14] , we obtain the bilinear identities as follows. By the definition of w ± , hw * ± (11), the BA functions satisfy dλ 2πiŵ
Sinceŵ + andŵ − satisfy the same linear differential equations
and so on. ActingB IJ to the both sides of (14) with the identification Λ with e ∂ ∂s ′ forŵ ± (s ′ , λ) [14] , we have the bilinear identities
for any I, J.
) and the bilinear identities are equivalent to the SatoWilson equations (4) as in the commutative case. Remark that we cannot introduce the notion of the τ -functions [12, 14] by the same reason with the NC KP hierarchy [2] . If we set s = s ′ , the RHS is zero and these identities correspond to those of the NC KP hierarchy [2] . This fact means that if we restrict the Fock space F ⊗ F to F generated bŷ t n orŝ n , the BA functions of the NC Toda hierarchy for fixed s are also those of the NC KP hierarchy.
N-soliton solutions
In this section we calculate N -soliton solutions for the NC Toda hierarchy throughout the factorization problem. We putV (−) :=Ŵ (−) e − n≥1ŝ nΛ
Then, the Sato-Wilson equations (4) are equivalent to the factorization [14] 
We choose the initial value for the N -soliton solutions (c.f. (9))
where a i , p i , q i are positive constant parameters such that q N < · · · < q 1 < p 1 < · · · < p N , ǫ is a formal parameter, and I := n∈Z E nn . We putV (−) = 1 F⊗F I +Ẑ,Ẑ = (ẑ ij ) wherê z nm ∈ A θ,θ is zero for n ≤ m. Owing to equation (16) we have
where
) andη(p) := n≥1 (t n p n +ŝ n p −n ). In the commutative case, the Cramer's formula solves these equations and solutions are expressed by the τ -function. In NC case we cannot adopt such a method. We solve this equation as a formal series 4 of ǫ,
whereφ i := a i eη (p i ) e −η(q i ) . Here we used qp = q −s+1 p s p−q . Thus we obtain the N -soliton solution of the NC Toda hierarchy,
for n > m. As is noted in previous section, if we restrict the Fock space F ⊗ F to F on whicht n act, the BA functions of the NC Toda hierarchy are reduced to those of the NC KP hierarchy. In fact, the solution with a change of parameters a 
corresponds the N -soliton solutions of the NC KP hierarchy obtained in Ref. [2, 11] using the trace method [10] .
